ABSTRACT. We consider tensor powers Ä AE of a positive Hermitian line bundle´Ä Ä µ over a non-compact complex manifold . In the compact case, B. Shiffman and S. Zelditch proved in [32] that the zeros of random sections become asymptotically uniformly distributed as AE ½ with respect to the natural measure coming from the curvature of Ä. Under certain boundedness assumptions on the curvature of the canonical line bundle of and on the Chern form of Ä we prove a non-compact version of this result. We give various applications, including the limiting distribution of zeros of cusp forms with respect to the principal congruence subgroups of Ë Ä ¾´Z µ and to the hyperbolic measure, the higher dimensional case of arithmetic quotients and the case of orthogonal polynomials with weights at infinity. We also give estimates for the speed of convergence of the currents of integration on the zero-divisors.
INTRODUCTION AND RELATED RESULTS
This note is concerned with the asymptotic distribution of zeros of random holomorphic sections in the high tensor powers Ä AE of a positive Hermitian line bundle´Ä Ä µ over a non-compact complex manifold . Distribution of zeros of random polynomials is a classical subject, starting with the papers of Bloch-Pólya, Littlewood-Offord, Hammersley, Kac and Erdös-Turán, see e.g. Bleher-Di [6] and Shepp-Vanderbei [31] for a review and complete references. Shiffman and Zelditch [32] obtained a far-reaching generalization by proving that the zeros of random sections of powers Ä AE of a positive line bundle Ä over a projective manifold become asymptotically uniformly distributed as AE ½ with respect to the natural measure coming from Ä. In a long series of papers these authors further considered the correlations between zeros and their variance (see e.g. [7, 33] ). Berman [5] generalized some of these results in the context of pseudoconcave domains.
A different method to study the distribution of zeros was introduced by Sibony and the first-named author [14] using the formalism of meromorphic transforms. They also gave bounds for the convergence speed in the compact case, improving on the ones in [32] .
There is an interesting connection between equidistribution of zeros and Quantum Unique Ergodicity related to a conjecture of Rudnik and Sarnak [29] about the behaviour of high energy Laplace eigenfunctions on a Riemannian manifold. By replacing Laplace eigenfunctions with modular forms one is lead to study of the equidistribution of zeros of Hecke modular forms. This was done by Rudnick [28] , Holowinsky and Soundararajan [17] and generalized by Marshall [21] and Nelson [25] .
Another area where random polynomials and holomorphic sections play a role is statistical physics. Holomorphic random sections provide a model for quantum chaos and the distribution of their zeros was intensively studied by physicists e.g. [6, 9, 26] .
The proof of the equidistribution in [14, 32] involves the asymptotic expansion of the Bergman kernel. In [19, 20] we obtained the asymptotic expansion of the Ä ¾ -Bergman kernel for positive line bundles over complete Hermitian manifolds under some natural curvature conditions, see (1.4) and Remark 1.3. In this paper we regain the asymptotic equidistribution of random zeros of holomorphic Ä ¾ -sections under the additional assumption, that the spaces of holomorphic Ä ¾ -sections of Ä AE are of finite dimension. We
give more explanations after we have stated the theorem precisely.
Let us consider an Ò-dimensional complex Hermitian manifold´ Â ¢µ, where Â is the complex structure and ¢ a positive´½ ½µ-form. The manifold´ Â ¢µ is called Kähler if ¢ ¼. To ¢ we associate a Â-invariant Riemannian metric Ì given by Ì ´Ù Úµ ¢´Ù ÂÚµ for all Ù Ú ¾ Ì Ü , Ü ¾ .
We consider further a Hermitian holomorphic line bundle´Ä Ä µ on . The curvature form of Ä is denoted by Ê Ä . We denote by Ä AE Ä ªAE the AE-th tensor power of Ä. The Hermitian metrics ¢ and Ä provide an Ä ¾ Hermitian inner product on the space of sections of Ä AE and we can introduce the space of holomorphic Ä ¾ -sections À 1 ¾µ´ Ä AE µ, to apply the expansion of the Bergman kernel to achieve this goal (see Corollary 2.2 (i)). Indeed, (1.4) implies that the Kodaira-Laplacian on Ä AE has a spectral gap (via the Bochner-Kodaira-Nakano formula) and the Bergman kernel of Ä AE has an asymptotic expansion (cf. [20] , [19, Th. 6 [14] and we will adapt the method of [14] in the present context. This result concerns typical sequences of cusp forms. If one considers Hecke modular forms, by a result of Rudnick [28] and its generalization by Marshall [21] , the zeros of all sequences of Hecke modular forms are equidistributed. The method used in [21, 28] follows the seminal paper of Nonnenmacher-Voros [26] and consists in showing the equidistribution of masses of Hecke forms. Rudnick [28] invoked for this purpose the Generalized Riemann Hypothesis and this hypothesis was later removed by Holowinsky and Soundararajan [17] . Marshall [21] extended their methods to the higher-dimensional setting. Nelson [25] removed later some of the hypotheses in [21] .
This lay-out of this paper is as follows. In Section 2, we collect the necessary ingredients about the asymptotic expansion of Bergman kernel. In Section 3, we prove the main results, Theorems 1.2 and 1.5, about the equidistribution on compact sets together with the estimate of the convergence speed. In the next sections we give applications of our main result in several geometric contexts and prove equidistribution: for sections of the pluricanonical bundles over pseudoconcave manifolds and arithmethic quotients in dimension greater than two (Section 4), for modular forms over Riemann surfaces (Section 5), for sections of positive line bundles over quasi-projective manifolds (Section 6) and finally for polynomials over C endowed with the Poincaré metric at infinity (Section 7).
BACKGROUND ON THE BERGMAN KERNEL
Let´ Â ¢µ be a complex Hermitian manifold of dimension Ò, where Â is the complex structure and ¢ is the´½ ½µ-form associated to a Riemannian metric Ì compatible with Â, i.e. 
For a holomorphic section × in a holomorphic line bundle, let Ú´×µ be the zero divisor of × and we denote by the same symbol Ú´×µ the current of integration on Ú´×µ. We denote by Ã the canonical line bundle over .
Let´Ä Ä µ be a Hermitian holomorphic vector bundle. As usual, we will write 
To be more precise, the asymptotic expansion (2.7) means that for any compact set Ã and any
¾ N there exists a constant Ã ¼, such that for any AE ¾ N, 
where ¼ is a constant independent of Ë, see [15] . The proof of the above result uses some properties of quasi-psh functions that we will recall here. For the details, see [14] . For simplicity, we will state these properties for P but we will use them for P´Î £ µ.
A [22] for details. Let ¦ denote the closure of the set of which do not satisfy the above condition. By shrinking we can assume that ¦ is an analytic set with boundary in P´Î £ µ. In particular, its volume is equal to 0. The currents¨£ À ℄ depend continuously on ¾ P´Î £ µ Ò ¦. 
ZEROS OF PLURICANONICAL SECTIONS ON PSEUDOCONCAVE AND ARITHMETIC

QUOTIENTS
We recall the definition of pseudoconcavity in the sense of Andreotti and Grauert. We are now in the position to prove Corollary 1.6. Note that in the above examples the base manifold turns out to be actually quasiprojective. In fact, we can replace the hypothesis that is´Ò ½µ-concave in Theorem 4.3 by the hypothesis that is quasi-projective and obtain the same conclusions. More precisely we have the following. 
The transition functions of the dual bundle Ì £ Ã are then ´ µ ´ · µ ¾ . Summarizing, holomorphic functions on H that satisfy the transformation law ´ µ ´ · µ ¾AE ´ µ are in correspondence with holomorphic sections of the bundle Ã ªAE Definition 5.1. A modular form for of weight ¾AE is a function on H such that:
is holomorphic on H, (3) is "holomorphic at the cusps".
A modular form that is zero at every cusp of is called a cusp form. We write Å ¾AE´ µ for the space of modular forms of weight ¾AE and Ë ¾AE´ µ for the subspace of cusp forms.
The last condition means the following. If the index ËÄ ¾´Z µ ℄ is finite, then for some natural number the transformation Þ Þ · is contained in and by (1) 
EQUIDISTRIBUTION ON QUASIPROJECTIVE MANIFOLDS
In the previous sections we considered the eqidistribution with respect to some canonical Kähler metrics. We turn now to the case of quasiprojective manifolds and construct adapted metrics using a method of Cornalba and Griffiths. They depend of some choices but have the advantage of being very general. Let P be a quasiprojective manifold, denote by P its projective closure and let ¦ Ò . Denote by Ä Ç´½µ the restriction of the hyperplane line bundle Ç´½µ P .
We consider a resolution of singularities in order to construct appropriate metrics on and Ä . More precisely, there exists a finite sequence of blow-ups
along smooth centers such that (1) is contained in the strict transform ¦ and Ä AE is defined by (6.2).
EQUDISTRIBUTION OF ZEROS OF ORTHOGONAL POLYNOMIALS
We wish to illustrate the result of the previous Section in the case of polynomials. As mentioned in the Introduction the distribution of zeros of random polynomials is a classical subject. Recent results were obtained by Bloom-Shiffman [8] (see also [5] ) concerning the equilibrium measure Õ of a compact set Ã endowed with a measure satisfying the Bernstein-Markov inequality. In this case the zeros of polynomials in Ä ¾´ µ tend to concentrate around the Silov boundary of Ã. In the following we consider the equidistribution of the zeros of polynomials with respect to the Poincaré metric at infinity on C.
Of course C is a special case of a quasi-projective variety, its complement in P ½ is the 
